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Abstrat
We alulate the gravitational radiation emitted by an innite os-
mi string with two oppositely moving wave-trains, in the small am-
plitude approximation. After omparing our result to the previously
studied ases we extend the results to a new regime where the wave-
lengths of the opposing wave-trains are very dierent. We show that
in this ase the amount of power radiated vanishes exponentially. This
means that small exitations moving in only one diretion may be very
long lived, and so the size of the smallest sales in a string network
might be muh smaller than what one would expet from gravitational
bak reation. This result allows for a potential host of interesting os-
mologial possibilities involving ultra-high energy osmi rays, gamma
ray bursts and gravitational wave bursts.
1 Introdution
Topologial defets are a predition of most partile physis models that in-
volve symmetry breaking and are therefore quite generi. They are formed
when the topology of the vauum manifold of the low energy theory is non-
trivial [1℄. The typial size of regions whih aquire dierent vauum expe-
tation values depends on the type of phase transition but it an never exeed
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the horizon size, due to ausality. The spei defet formed in turn depends
on the symmetry of the groups involved, in partiular on the homotopy group
of the vauum manifold. If the vauum manifold ontains disonneted parts
domain walls are formed, if it ontains unshrinkable loops strings are formed
and if it ontains unshrinkable spheres monopoles are formed. More ompli-
ated hybrid defets may be formed if there is more than one phase transition.
For a review see [2℄.
The most simple phase transition where osmi strings are produed is
U(1)
ηs−→ 1 . (1)
The vauum manifold is U(1), whih ontains unshrinkable loops. The phase
transition, ourring at energy ηs, traps the magneti ux of the gauge elds
assoiated with the U(1) symmetry into strings of mass per unit length
µ ∼ η2s . The resulting system is a network of long strings and losed loops.
Numerial simulations and analyti studies show that this network quikly
evolves into a saling regime (see [2℄ and referenes therein), where the
energy density of the string network is a onstant fration of the radiation
or matter density and the statistial properties of the system suh as the
orrelation lengths of long strings and average sizes of loops sale with the
osmi time t. The question of the size of the small-sale struture of osmi
string networks, however, has so far resisted onordane. Simulations show
that most loops and the wiggles on the long strings have the smallest possible
size, the simulation resolution. However, the prevailing opinion on this issue
is that the size of small-sale struture also sales with the osmi time t and
its value is given by the gravitational bak-reation sale ΓGµt, where Γ is a
number of order 100 and G is Newton's onstant. This possibility was rst
pointed out in [3℄.
Cosmi strings have been a popular hoie in the literature beause un-
like monopoles and domain walls they do not ause osmologial disasters.
Indeed, they originally were onsidered good andidates for struture for-
mation. Reent osmologial data, in partiular the osmi mirowave bak-
ground power spetrum, is not onsistent with density utuations produed
only by strings. A ombination of density utuations produed by ination
and strings is possible, and strings with small values of µ would have little
gravitational eet. Cosmi strings are also good andidates for a variety of
interesting osmologial phenomena suh as gamma ray bursts [4℄, gravita-
tional wave bursts [5℄ and ultra high energy osmi rays [6℄. However, some
of the preditions of these models depend sensitively on the so far unresolved
question of the size of the small-sale struture.
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Sakellariadou [7℄ omputed the radiation from a osmi string with helial
standing waves, whih one an onsider to be omposed of exitations of
equal wavelength traveling in the two diretions. Hindmarsh [8℄ alulated
the radiation from olliding wiggles of dierent wavelengths on a straight
string, in a low-amplitude approximation, and found that the radiation rate
from small wavelength wiggles approahed a onstant as the wavelength of
the wiggles in the opposite diretion beame large. However, Garnkle and
Vahaspati [9℄ showed that a wiggle moving on a straight string does not
radiate. This poses a puzzle beause an exitation of suiently large wave-
length would seem to appear straight to a tiny wiggle passing over it.
With this work we hope to shed some light on these issues. The following
setion ontains a review of string motion and a derivation of the energy
emitted in the form of gravitational radiation per unit solid angle. Setion 3
starts with a derivation of the power emitted from innite planar exitations
on a string with a subsequent speialisation to sinusoidal wave-trains in the
ase where the amplitude is small. We show that in the similar wavelength
ase the result of Hindmarsh [8℄ applies and how an argument on the limit
on the size of the small-sale struture onsistent with [3℄ an be obtained
from this result. We then demonstrate that this argument annot generally
be made and in partiular show that when the wavelengths are very dierent
the radiation vanishes exponentially. In setion 4, we disuss these results
and their relevane to the question of the small-sale struture in osmi
string networks and onlude with some remarks on the eet of these results
on osmologial phenomena.
2 Preliminaries
When the typial length sale of a osmi string is muh larger than its
thikness, δs ∼ η−1s , and long-range interations between dierent string
segments an be negleted, the string an be aurately modeled by a one
dimensional objet. Suh an objet sweeps out a two dimensional surfae in
spae-time referred to as the string world-sheet.
The innitesimal line element in Minkowski spae-time with metri ηµν =
diag(1,−1,−1,−1) is
ds2 = ηµνdx
µdxν = ηµνx
µ
,ax
ν
,bdζ
adζb, (2)
where a = 0, 1 labels the two internal parameters of the string world-sheet
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and xµ,a = ∂x
µ/∂ζa. One an then write the indued metri on the world-
sheet of the string as
γab = ηµνx
µ
,ax
ν
,b . (3)
For an innitely thin string we an use the Nambu-Goto ation. It is pro-
portional to the invariant area swept by the string,
S = −µ
∫
dA = −µ
∫
d2ζ
√−γ, (4)
where γ = det(γab) and µ is the mass per unit length of the string. The
parametrisation-invariant energy-momentum tensor for a osmi string is
given by
T µν(x) = µ
∫
d2ζ
√−γγabxµ,axν,bδ(4)(x−X(ζ)). (5)
In the light-one gauge the metri takes the form
γab =
√−γ
(
0 1
1 0
)
, γab =
1√−γ
(
0 1
1 0
)
(6)
beause the ar element is ds2 = 2x,u · x,vdudv with xµ = xµR(u) + xµL(v),
and x′µR(u) and x
′µ
L(v) are both null vetors. In this gauge the stress energy
tensor (5) an be put in the form
T µν(x) = µ
∫
dudv(xµ,ux
ν
,v + x
ν
,ux
µ
,v)δ
(4)(x− x(ζ)). (7)
Far from a soure loalized in spae and time, the total energy radiated in
the form of gravity waves in the diretion of k is [10℄
dE
dΩ
= 2G
∫
∞
0
dωω2{T µν∗(k)Tµν(k)− 1
2
∣∣∣T µµ (k)∣∣∣2}. (8)
So what we need is the Fourier transform of the stress energy tensor
T µν(k) =
1
2π
∫
d4xT µν(x)eik·x (9)
whih is given by
T µν(k) =
1
2π
µ
∫
d4xeik·x
∫
dudv(xµ,ux
ν
,v + x
ν
,ux
µ
,v)δ
(4)(x− x(ζ)). (10)
4
Figure 1: Two oppositely moving wave-trains on an innite straight osmi
string. We ignore the eets of the kinks at the edges of the wave-trains
beause later we will be taking the length of the wave-trains to ∞.
Using xµ = [aµ(u) + bµ(v)]/2 yields for (10),
T µν(k) =
1
8π
µ
∫
dudv(a′µb′ν + a′νb′µ)eik·(a+b)/2. (11)
Following [8℄ this expression an in turn an be written as
T µν(k) =
1
8π
µ(Aµ(k)Bν(k) +Aν(k)Bµ(k)) (12)
where
Aµ(k) =
∫ +∞
−∞
dξa′µ(ξ)eik·a(ξ)/2, Bµ(k) =
∫ +∞
−∞
dξb′µ(ξ)eik·b(ξ)/2. (13)
We an then re-write the total energy in the diretion of k (8) as
dE
dΩ
=
1
16π2
Gµ2
∫
∞
0
dωω2{|A|2 |B|2 + |A∗ ·B|2 − |A · B|2}. (14)
3 Gravitational Radiation from Cosmi Strings
3.1 Planar Exitations
We onsider planar string exitations moving on the z-axis in the two dire-
tions as shown in Figure 1.
We are free to take
a′µ(u) = (1, f ′(u), 0,−
√
1− f ′2), aµ(u) =
(
u, f(u), 0,−
∫ √
1− f ′2du
)
(15)
where the sign of the square root is hosen suh that u dereases in the
positive z diretion, whih yields from (13)
Aµ(k) =
∫
∞
−∞
du a′µ(u) exp
i
2
[
ωu− kxf + kz
∫ √
1− f ′2du
]
(16)
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exatly. The situation for Bµ(k) is ompletely analogous.
Equation (14) gives the energy radiated from a loalized interation. In
Appendix A, we extend this to the power per unit length from an innite
periodi wave train. We nd that the radiation is emitted in a disrete set of
ones and at a disrete set of frequenies. Speially, let ∆a be the average
of |a′z| ,
∆a =
1
λa
∫ λa
0
du
√
1− f ′2 (17)
where λa is the wavelength of the wiggles of a
µ(u), and let
κa =
2π
λa
(18)
and similarly for ∆b and κb. Then for eah set of positive integers n,m
satisfying
(1−∆a)/(1 + ∆b) < |nκa/mκb| < (1 + ∆a)/(1 −∆b). (19)
we have radiation with polar angle θ given by
cos θ =
nκa −mκb
nκa∆b +mκb∆a
, (20)
at frequeny
ω = 2
nκa∆b +mκb∆a
∆a +∆b
, (21)
(so that ω+∆akz = 2nκa and ω−∆bkz = 2mκb) with power per unit length
per unit azimuthal angle
dP
dzdφ
=
Gµ2
∆a +∆b
∑
n,m
(nκa +mκb)|An|2|Bm|2 (22)
where
Aµn =
1
λa
∫ λa/2
−λa/2
du a′µeik·a(u)/2
=
1
λa
∫ λa/2
−λa/2
du a′µ exp
i
2
[
ωu+ kz
∫ u
0
√
1− f ′2du′ − kxf(u)
]
(23)
If we x the shape of aµ, but vary the sale so that λa beomes large, then
∆a is xed and κa → 0. If we follow a single mode n,m as we go toward
this limit, θ reahes π at a nite value of κa, given by
κma =
m
n
κb(1−∆a)/(1 + ∆b). (24)
For larger values of κa, the given mode does not exist.
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3.2 Sinusoidal waves
3.2.1 Small amplitudes
We will onsider exitations whose amplitude is small ompared to their
wavelength, so that f ′ ≪ 1. This enables us to replae √1− f ′2 by its
average, ∆a, in (23), to get
Aµn ≈
1
λa
∫ λa/2
−λa/2
du a′µ(u) exp i [nκau− kxf(u)/2] . (25)
In partiular if we take the wave trains to be sinusoidal, namely,
f ′(u) = ǫa cos(κau), f(u) =
ǫa
κa
sin(κau) (26)
with ǫa ≪ 1, and thus
∆a ≈ 1− ǫ2a/4 , (27)
for the time omponent we have
A0n ≈
1
λa
∫ λa/2
−λa/2
du exp i [nκau− ǫakx sin(κau)/2κa] (28)
whih an be integrated to get
A0n ≈ Jn
(
ǫakx
2κa
)
(29)
where Jn is the Bessel funtion of order n. The rst omponent an be put
in terms of A0 using integration by parts
A1n(k) = −
2nκa
kx
A0n (30)
and the third omponent an be also be written in terms of A0 as
A3n = ∆aA
0
n (31)
so that
|An|2 ≈
(
1− 4n
2κ2a
k2x
−∆2a
)
J2n
(
ǫakx
2κa
)
. (32)
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Figure 2: Disrete radiation ones given by (20) and (33) for m = 1 and
n = 2, 4 and 20 with ǫ2a = ǫ
2
b = 0.1 and κa = κb. Shading denotes the
intensity of the radiation, with white being most intense. As n gets larger,
the one beomes narrow and the radiation gets onentrated in a narrow
band around where the one intersets the plane of the string.
A similar analysis for B and using (27) yields the expression for the power
in terms of Bessel funtions,
dP
dzdφ
≈ Gµ
2
∆a +∆b
∑
n,m
(nκa +mκb)
(
ǫ2a
2
− 4n
2κ2a
k2x
)(
ǫ2b
2
− 4m
2κ2b
k2x
)
× J2n
(
ǫakx
2κa
)
J2m
(
ǫbkx
2κb
)
(33)
As an example, Figure 2 shows some of the disrete radiation ones given by
(20) with power alulated from (33).
3.2.2 Similar wavelength wiggles and the bak-reation argument
If κa and κb are similar in magnitude, and ǫa, ǫb ≪ 1, then the arguments of
both Bessel funtions will be muh less than 1. In this ase we an use the
small-argument approximation for the Bessel funtions [11℄,
Jn(x) ≈ x
n
2nn!
(34)
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and so we see that the dominant ontribution to (33) omes from the n =
m = 1 mode, and the power an be written
dP
dzdφ
≈ Gµ
2ǫ2aǫ
2
b
32
(κa + κb) . (35)
Integrating over φ yields
dP
dz
≈ 1
16
πGµ2ǫ2aǫ
2
b(κa + κb) (36)
This agrees with the result of [8℄. The fator of 16 results from our hoie of
normalization in the denitions of Aµ(k) and Bµ(k).
An argument that an be thought to follow from this result is the following.
Consider short wavelength exitations in b interating with long wavelength
exitations in a. If we put
κa ≪ κb (37)
in (36) we obtain
dP
dz
∼ 1
8
π2Gµ2ǫ2aǫ
2
b
1
λb
=
1
8
π2Gµǫ2a
δµ
λb
(38)
where δµ ∼ ǫ2bµ is the ontribution of the short wavelength wiggles to the
mass per unit length of the string. We expet the radiated energy to be
taken from the small-sale wiggles, so we expet
d(δµ)
dt
∼ −dP
dz
∼ −1
8
π2Gµǫ2a
δµ
λb
(39)
whih has the solution
δµ ∝ e−t/τ (40)
with
τ =
8λb
π2ǫ2aGµ
. (41)
If we assume that large wavelength wiggles exist with ǫ ∼ 1, we would
onlude by the above argument that the minimum wavelength of wiggle
that an survive until the present day is
λmin ∼ Gµt0 (42)
where t0 is the present age of the universe. On smaller sales, wiggles are
exponentially suppressed.
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If we extend this analysis to a loop, the struture of the loop that enables
it to be losed must involve features whose amplitude is omparable to their
wavelength, so the ondition ǫ ∼ 1 is always met.
However, it turns out that (36) is never orret in the regime of (37) with
ǫa ∼ 1. Even ǫa, ǫb ≪ 1 is not suient, beause we might have, for exam-
ple, kx/κa ≫ 1, and then the argument of Jn in (33) would not be small.
Expliitly,
kx = ω sin(θ) cos(φ)
=
cosφ
∆a +∆b
√
(∆bnκa +∆amκb)2 − (nκa −mκb)2 (43)
so kx is at most of order
√
nmκaκb and thus we are in the small-argument
regime whenever
ǫ2aκb/κa ≪ 1, ǫ2bκa/κb ≪ 1. (44)
Larger values of n and m ould in priniple make the arguments of the Bessel
funtions larger, but it turns out that in this situation the ontribution is
dominated by that of the lowest mode.
One an write (44) in terms of the wavelengths of the sinusoids, λa,b =
2π/κa,b and their amplitudes, Aa,b = ǫa,b/κa,b, as
Aa, Ab ≪
√
λaλb (45)
whih is invariant under Lorenz boosts along the string. Rather than merely
requiring that the amplitude of eah wave train be small ompared to its own
wavelength to have the simple ase, we must require that eah amplitude
be small as ompared to the geometri mean wavelength. Note that these
onditions annot hold if λa ≫ λb and ǫa ∼ 1. As an example of this, in the
ase of small hiral wiggles (those moving in one diretion only) on a loop,
the onditions (44) don't hold and we expet wiggles to survive on the loop
longer than (41).
It should be noted that if both of the wiggles have about the same wave-
lengths then an argument analogous to the one above an be made [12℄. In
this ase wiggles in both diretions ontribute to the radiation power, and
the extra energy in the string delines as 1/t.
3.2.3 Chiral exitations
In the following we take the small argument limit for the B part of (33),
namely ǫ2bκa/κb ≪ 1, or Ab ≪
√
λaλb, but do not use that approximation
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for the A part of the expression. This orresponds to the situation where the
opposing exitations have very dierent wavelengths. Thus (33) beomes
dP
dzdφ
=
Gµ2ǫ2b
8
∑
n
(nκa + κb)
(
4n2κ2a
k2x
− ǫ
2
a
2
)
J2n
(
ǫakx
2κa
)
. (46)
For m = 1, the bounds (19) beome
(1−∆a)κb
(1 + ∆b)κa
< n <
(1 + ∆a)κb
(1−∆b)κa (47)
whih using (27) an be written as
x
8
< n <
8x
ǫ2aǫ
2
b
(48)
where
x =
ǫ2aκb
κa
. (49)
Let us rst onsider what happens to the n = 1 mode as κa approahes the
limit in (24). In this limit, θ beomes π, while ω and κa approah xed,
nite values. Thus kx/κa → 0, we an take the small argument limit of the
Bessel funtion and the power in this mode approahes a nite value given by
(36). When κa exeeds the limit of (24), the n = 1 mode vanishes suddenly,
ausing a disontinuity in the emitted power as a funtion of κa. Similarly,
if we let ǫa approah the limit given by ǫ
2
a ≈ 8κa/κb, we see that the power
in the n = 1 mode is again given by (36), whih inreases with ǫ2a until it
suddenly vanishes.
As κa dereases, the modes suessively vanish (although only the energy in
the n = 1 mode does so disontinuously), but the remaining modes that are
far from the limiting wave number grow larger. To see the overall eet, we
onsider the ase where ǫ2aκb/κa ≫ 1, or in terms of the amplitude Aa ≫√
λaλb, so that many dierent modes ontribute to the total radiation.
In Appendix B we use the large-order approximation for Bessel funtions
to ompute the power (46) in this regime. We nd that the power delines
exponentially with x,
dP
dz
∼ Gµ2ǫ2bκae−αx (50)
where α ≈ 0.07867. Thus there is essentially no radiation from wiggles of
signiant amplitude and very dierent wavelengths.
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To ompare the analyti approximation (50) with our original expression
(46), in Figure 3 we show a plot of
dP
dz versus x = ǫ
2
aκb/κa with ǫa = .1,
ǫb = .05 and κa xed. The dashed line is
ln
(
1
Gµ2κa
dP
dz
)
= αx+ β (51)
with a best-t value β = −5.69, and α = −0.07867 as above. The points
are given by the sum over n and numerial integration over φ of (46). In the
large x regime, we see that the agreement with the analyti approximation
is exellent.
The exponential suppression we have just found is valid when the Lorentz
invariant onditions
Ab ≪
√
λaλb, Aa ≫
√
λaλb (52)
are satised. It is interesting to onsider the eet of a Lorentz boost that
makes both wiggle wavelengths similar. This boost makes the ondition (52)
for Aa read ǫa ≫ 1. In this ase we ould not have performed the alulation
at all beause this is not the regime in whih (25) is a valid approximation.
It must be true, however, beause of Lorentz invariane, that the radiation
is also exponentially suppressed. Although at rst glane this may seem
puzzling, it is not too diult to understand this result: In this limit, even
though the wavelengths are similar, the amplitude of one of the wave trains is
muh larger than the other (Aa ≫ Ab) so that the larger wave-train appears
to be traveling on an almost straight string and would not be expeted to
radiate [9℄.
4 Disussion and Conlusions
We have alulated the power radiated in the form of gravitational waves
from oppositely moving exitation wave-trains in the small amplitude regime
when the wavelengths are omparable and when they are very dierent.
We have shown that small opposing exitations on strings will only radiate
signiantly if their wavelengths are omparable. In this ase we an always
use (36) for the power and the extra energy in the form of wiggles dereases
as 1/t as disussed in the literature [12℄.
If, on the other hand, the wavelengths are very dierent then the grav-
itational radiation an be suppressed. If the amplitude Aa of the long-
wavelength exitations is greater than the geometri mean wavelength,
√
λaλb,
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Figure 3: Plot of ln
(
1
Gµ2κa
dP
dz
)
vs. x = ǫ2aκb/κa omparing our analyti
approximation (50,51) with β = −5.69 and α = −0.07867 (dashed line) with
(46) alulated numerially for ǫa = .1, ǫb = .05 (points).
then the radiation rate is exponentially small. Thus unless the amplitude of
the long-wavelength exitations is very small ompared to their wavelength,
there is little interation between modes of very dierent wavelengths.
The situation where the two wavelengths are very dierent ours in loops
with hiral wiggles, i.e., when the wiggles are only on the right- or left-
moving exitations. In this ase beause the radiation vanishes exponentially
the wiggles may be very long-lived. We therefore expet that if the loop is
originally in a stable (non self-interseting) trajetory it will radiate and
shrink until it self-intersets, at the latest when the string loop is the same
size as the wiggles living on it. This may take a long time beause the tension
on the strings is redued by the presene of wiggles and the motion may be
slow [13℄.
When an exitation travels on an innite string, it will eventually be exposed
to every possible sort of exitation going the other way, and will thus eventu-
ally lose its energy by gravitational radiation. However, when an exitation
travels on a loop, it will enounter the same oppositely moving exitations
over and over again. It is possible that when a loop is formed there will be,
by hane, an exess of (say) right-going energy over left-going energy over
a broad range of wavelengths. In this ase, energy will be radiated until the
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left-going exitations have been eliminated and some energy still remains in
the right-going ones. Thus the string may beome hiral with respet to a
ertain range of wavelengths, and the hiral wiggles in this range may then
beome long-lived. This proess is quite ompliated, and we will not try
to analyze it here. We merely note that ertain initial onditions may lead
to long-lived hiral wiggles over ertain wavelength ranges, and we briey
investigate the onsequenes of suh exitations.
Almost all proposals for osmi-string-indued astrophysial phenomena are
related to usps. These are regions of the string that ahieve extremely
high Lorentz boosts [2℄. Therefore here we will fous on the eets that the
existene of small wiggles may have on usps.
Near a wiggly usp the eetive mass per unit length is
µeff = µ(1 + γ
2ǫ2) (53)
where ǫ is the amplitude to wavelength ratio of the wiggles and γ is the
(transverse) Lorentz boost. If we think of the string as having a thikness due
to the wiggles then before the usp an be formed the wiggles will typially
overlap when the gamma fator reahes the value [14℄
γo ∼
√
L/d (54)
where L is the size of the loop on whih the usp appears, d ∼ ǫ/κ is the
eetive thikness due to the wiggles and κ ∼ 1/λ is the wiggle wavenumber.
The usp may also not form at all if there is suient bak-reation from the
wiggles to deviate from regular Nambu-Goto motion of the string, namely
when the gamma fator in (53) reahes the value
γb ∼ 1/ǫ. (55)
Whih of the two proesses is the dominant one depends on whih one of the
two gamma fators is the smallest, sine it will be the one reahed rst by
the usp.
It follows from this that there are two distint wiggliness regimes. If γb > γo,
or Lκǫ < 1, there is not muh hange in the eetive mass of the string and
the wiggles will not signiantly aet the string motion. However, before the
usp an be formed, beause of the overlap of the wiggles, we will typially
have a self-intersetion that hops o a loop of size l ∼ √ǫL/κ whih in turn
will fragment into about
√
κL/ǫ loops of the wiggle size ǫ/κ.
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Figure 4: Intersetion on the unit sphere of a wiggly a
′
and a straight b
′
.
The dotted line resulting from averaging out the wiggles in a
′
makes an angle
θ with b′.
If, on the other hand, γo > γb, or Lκǫ > 1, we are in the situation where
the bak-reation is important. Muh work has gone into understanding the
behaviour of strings in this regime [15℄. Typially one averages the string
over sales larger than the wiggle size and the eet is to inrease the eetive
mass density and derease the tension of the string. The situation is then
remarkably similar to that of a superonduting string with a hiral neutral
urrent and we expet the usp in this ase to be smoothed out and self-
intersetions to our near it some of the time as disussed in [16℄.
We an try to estimate the number of usps formed in both ases. If we
onsider the setion of the unit sphere where a wiggly a
′
and a straight b
′
interset, as in Figure 4, we an see that the number of rossings must be
Nc ∼ ǫ cot θ/|∆a′| (56)
where ǫ cot θ is the length available for rossings in the setion where the a′
and b
′
interset on the unit sphere and |∆a′| is the distane between peaks
on the unit sphere. Typially
|∆a′| ∼ |a′′|∆σ ∼ λ/L (57)
where λ is the wavelength of the wiggles and L is the size of the loop. Taking
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Figure 5: A usp in a wiggly string with Lκǫ > 1. The wiggles have led the
overall shape of the string to be smoothed out. Instead of one large usp,
we expet a large number of small usps.
cot θ ∼ 1 gives
Nc ∼ Lκǫ (58)
for the number of usps. It is interesting to note that this is also the quantity
that determines whether we are in the overlap or bak-reation regime. This
means that in the overlap ase there will still be one usp, just as in the ase
where there are no wiggles. As we have argued, however, self-intersetions
due to overlap will take plae before the usp an be fully formed. In the
bak-reation dominated ase instead of a large usp we will have about Lκǫ
small usps on the smoothed out urve. In Figures 5 and 6 we plot pitures
of Burden loops onto whih we have superimposed hiral helial wiggles in
the Lκǫ > 1 ase.
From this analysis it appears that wiggly osmi string usps may solve some
of the problems urrently faed by osmi-string-indued astrophysial phe-
nomena. Wiggly usps ould produe substantially more ultra-high energy
osmi rays beause of the presene of many small usps. Gamma ray bursts
may not be repeated beause of self-intersetions near the usp. Gravita-
tional wave bursts may be more frequent sine, like osmi rays, most of the
energy omes from a small area around the usp. Finally, wiggles may also
lead to ne struture in gravitational wave and gamma ray bursts.
Although some of these require dierent wiggliness regimes and would ap-
pear mutually exlusive in fat they are not; we an have it both ways
beause as we have shown modes of dierent wavelengths barely interat
and as a onsequene hirality an be independently established at dierent
16
Figure 6: Another possibility for a usp in a wiggly string with Lκǫ > 1.
In this ase the smoothing eet of the wiggles has led to a self-intersetion.
wavelengths.
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A Periodi soures
In this appendix, we go from (14), whih gives the energy radiated from a
loalized interation, to the power per unit length for an innite periodi
soure. To do this, we onsider a wave train of length L in a and another of
length l in b, and then let L and l go to innity. The resulting energy will be
proportional to Ll, as shown below. We will ignore any ontributions oming
from the ends of the wave trains, beause these will not be proportional to
Ll.
Thus we will take f to be an odd periodi funtion in u, for Na periods of
length λa (with L = Naλa) entered around u = 0, and f = 0 outside this
range. Sine f is odd, all omponents of Aµ will be real and (14) beomes
dE
dΩ
=
Gµ2
16π2
∫
∞
0
dωω2 |A|2 |B|2 . (59)
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Beause we are interested only in terms proportional to Ll, we exlude the
ontribution of the straight parts of the string to the integral in (16), and
write this equation as
Aµ =
(Na−1)/2∑
j=−(Na−1)/2
∫ (j+1/2)λa
(j−1/2)λa
du a′µeik·a(u)/2 . (60)
Now a′ is periodi, and so a(u+ jλa)− a(u) is a onstant independent of u.
Thus
Aµ =
(Na−1)/2∑
j=−(Na−1)/2
eijK+λa/2
∫ λa/2
−λa/2
du a′µeik·a(u)/2 (61)
where
K+ =
k · (a(λa)− a(0))
λa
=
1
λa
∫ λa
0
du k · a′(u)
= ω + kz∆a = ω(1 + ∆a cos θ) (62)
with
∆a =
1
λa
∫ λa
0
du
√
1− f ′2. (63)
The sum in (61) is
(Na−1)/2∑
j=−(Na−1)/2
eijx =
sin(Naxa/2)
sin(xa/2)
(64)
with xa = λaK+/2. This funtion has peaks of height Na whenever xa is
an integer multiple of 2π and in the viinity of these peaks the funtion is
eetively Na sinc(Naxa/2π). However, beause what appears in (59) is the
square of Aµ(k) what we atually need to evaluate is N2a sinc
2(Naxa/2π). In
the large Na limit Na sinc
2(Nay)→δ(y) so we an write its square as
sin2(Nax/2)
sin2(x/2)
≈ Na
∞∑
n=−∞
δ(
λaK+
2(2π)
− n) = 2κaNa
∞∑
n=−∞
δ(K+ − 2nκa). (65)
A similar set of expressions an be written for Bµ(k) whih allow (59) to be
re-written as
dE
dωdΩ
=
Gµ2
4π2
κaκbNaNb
∑
n,m
ω2δ(K+ − 2nκa)δ(K− − 2mκb)A2B2 (66)
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where
A =
∫ λa/2
−λa/2
du a′µeik·a(u)/2, B =
∫ λb/2
−λb/2
dv b′µeik·b(v)/2. (67)
All the variables with the b subsript have the obvious meaning and K− =
ω(1 −∆b cos θ). The sum in (66) is performed for positive values of n and
m only sine K+ and K− are nonnegative.
We an now use the δ funtions to perform the integral in (59) over ω and
to integrate over θ. We do this by a suitable hange of variables, namely,
ω = (∆bK++∆aK−)/(∆a+∆b), cos θ = (K+−K−)/(∆bK++∆aK−)) (68)
so that
dωd cos θ = dK+dK−/(∆bK+ +∆aK−) = dK+dK−/(ω(∆a +∆b)). (69)
Upon integration we get
dE
dφ
=
Gµ2
∆a +∆b
Ll
∑
n,m
ω|An|2|Bm|2 (70)
where the vetor
Aµn =
1
λa
∫ λa/2
−λa/2
du a′µ(u)eik·a(u)/2 . (71)
and there is a similar expression for Bµn . Dividing (70) by the volume of the
world sheet where the interation ours, Ll/2, yields the power per unit
length per unit azimuthal angle φ
dP
dzdφ
=
Gµ2
∆a +∆b
∑
n,m
(nκa +mκb)|An|2|Bm|2 (72)
Keeping the above in mind we an see that the signiane of the appearane
of the δ funtions is that for periodi soures the radiation is only emitted in
disretized diretions and frequenies. Expliitly, for a set of given ∆a, ∆b,
κa and κb we have that
ω = 2
nκa∆b +mκb∆a
∆a +∆b
, (73)
cos θ =
nκa −mκb
nκa∆b +mκb∆a
. (74)
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This disreteness in frequenies and angles arises from the temporal and
spatial periodiity of the system.
If we had ∆a = ∆b = 1, then the right hand side of (74) would always lie
between -1 and 1. However, for waves of nite amplitude, this is not the ase
and thus not all modes are present. This limitation restrits the sum over n
and m to satisfy
(1−∆a)/(1 + ∆b) < |nκa/mκb| < (1 + ∆a)/(1 −∆b). (75)
B Large order approximation
In this appendix, we ompute an analyti approximation to the radiation
power (46) using the Bessel funtion approximation for large order [11℄
Jn(n sechα) ≈ e
n(tanh α−α)
√
2πn tanhα
(76)
whih is valid when tanhα > 1/n.
Using (43) we an see that
k2x
κ2a
=
cos2(φ)
4
{
(∆bn+∆ax/ǫ
2
a)
2 − (n− x/ǫ2a)2
}
≈ cos
2(φ)
4
{
4nx/ǫ2a −
x2
2ǫ2a
− ǫ
2
b
2
n2
}
(77)
whih allows us to express the square of the argument of the remaining Bessel
funtion in (46) as
k2xǫ
2
a
4κ2a
≈ cos
2(φ)
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{
4nx− x
2
2
− ǫ
2
aǫ
2
b
2
n2
}
≡ y2 (78)
and therefore
dP
dzdφ
≈ Gµ
2ǫ2aǫ
2
b
8
∑
n
(nκa + κb)
(
n2
y2
− 1
2
)
J2n (y) . (79)
Bearing in mind (76) we take
sechα = w = y/n ≈ cos(φ){4x/n − x2/2n2}1/2/4 (80)
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so that we an write
dP
dzdφ
≈ Gµ
2ǫ2aǫ
2
b
8
∑
n
(nκa + κb)
(
1
w2
− 1
2
)
J2n (nw) . (81)
In our ase it is easy to see that w has a maximum at n˜m = x/4 and the
value of the funtion at this peak is w˜m = cos(φ)/
√
2. This means that w
is at most 1/
√
2 and thus tanhα is at least 1/
√
2, and we see that (76) is
indeed a good approximation.
We will now perform the sum over n. To do the alulation analytially we
must rst approximate the sum by an integral, whih we an do provided the
values of the funtion are suiently lose to one another in the region in
whih we are performing the sum. Seondly, we will assume that the largest
ontribution to the Bessel funtion omes from a maximum and that we an
approximate that integral by multiplying the height at the peak times the
width of this peak at the maximum
dP
dzdφ
∼
∑
n
J2n(nw) ∼
∫
dnJ2n(nw) ∼ J2max∆n. (82)
This will be a reasonable approximation provided the funtion is suiently
smooth around the maximum. Below we show that this ondition is satised.
We an take
w2 ≈ c2 x
2n
(
1− x
8n
)
(83)
where
c = cosφ/
√
2 (84)
If we let
p =
x
4n
− 1 (85)
then
w2 = c2(1− p2) (86)
whih obviously has the maximum value c2 at p = 0. To nd the maximum
of the integrand of (82) we use the very rough approximation
ln Jn(nw) ∼ n(tanhα− α) = n(
√
1− w2 − sech−1w) . (87)
Now if the fator of n were not present, we would reason that sine w = sechα
is a dereasing funtion of α, and tanhα − α is also a dereasing funtion
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of α, then the right hand side not ounting the n is an inreasing funtion
of w, and (87) will have its maximum where w has its maximum. Sine the
right hand side is negative, and also a dereasing funtion of n, we an infer
that the atual value of n that maximises (87) is atually less than the one
that maximises w. We an thus write
n =
x
4(1 + p)
=
x
4(1 +
√
1− w2/c2) (88)
and
ln Jn(nw) ∼ x
4
√
1−w2 − sech−1 w
1 +
√
1− w2/c2 . (89)
Setting the derivative of (89) to zero gives
1− w2 −√1− w2 sech−1w
w−1 − w = −
1− w2/c2 +√1− w2/c2
w/c2
. (90)
This equation an be solved (although not analytially) for wm, the value
of w that maximises (87) for a partiular c and from it, using (88), one an
obtain nm, the value of n at the maximum of (89). Note that both values
will be in general dierent from n˜m and w˜m, the maximum of n and w at
the maximum of the funtion w. Figure 7 shows a plot of wm, the maximum
of (87), as a funtion of c = cos(φ)/
√
2. As expeted the value of w where
(87) is at a maximum is slightly less than the maximum value of w.
In order to estimate the width at the peak we an again use (87). However
in this ase we an use the width at the maximum of the funtion w, i.e.,
at p = 0, or n˜m = x/4, beause it is suiently lose to the maximum of
Jn(nw). This simplies the alulation onsiderably. From (87) one an see
that
d
dα
ln J ∼ −n tanh2 α (91)
and we an ompute the width using the Taylor expansion
ln J ∼ ln J0 −∆αn tanh2 α. (92)
Taking ln J − ln J0 ∼ −1 we nd
∆α ∼ − 1
n tanh2 α
. (93)
We need to express our answer in terms of ∆n however so we take
∆w ∼ ∂w
∂α
∆α = sechα tanhα∆α =
w˜m
n˜m
√
1− w˜2m
(94)
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Figure 7: Plot of wm (points) on the y−axis, as a funtion of c = cos(φ)/
√
2.
The solid line is w˜m = cos(φ)/
√
2 for omparison.
and
∆w =
∂2w
∂n2
(∆n)2
2
, (95)
beause the rst derivative is 0 at the maximum, yielding
∆n =
(
n˜m√
1− w˜2m
)1/2
∼ n˜1/2m . (96)
As advertised above, sine n˜
1/2
m ∝ (ǫ2aκb/κa)1/2 is large in the small κa limit,
the funtion around the maximum is suiently smooth that we an now
perform the sum by approximating it as an integral and further approximat-
ing this integral by multiplying the value of the funtion at the peak by the
width near the peak ∆n.
For the power per unit length per unit azimuthal angle this proedure yields
dP
dzdφ
∼ Gµ
2ǫ2aǫ
2
b
8
(nmκa + κb)
(
1
w2m
− 1
2
)
J2nm (nmwm)∆n , (97)
where nm and wm are given above.
The integral over φ an be approximated in an analogous way, taking the
value of the Bessel funtion at the peak, whih is at φ = 0, and nding the
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width at this peak. Evaluating the funtion at the maximum is straightfor-
ward, one simply needs to solve (90) for cosφ = 1, or equivalently c = 1/
√
2.
This proedure yields w0 ≈ .691584 and from (88), n0 ≈ x/4.83352.
In this ase the width an be found by using lnJ ∼ f(wm) as given by (89)
and we an see that
d2f(wm)
dφ2
=
df
dwm
d2wm
dφ2
(98)
beause dwm/dφ = 0. Using ln J − ln J0 ∼ −1 again yields
(∆φ)2
2
df
dwm
d2wm
dφ2
∼ −1 (99)
and beause f ∝ x, ignoring fators of O(1) we have that
∆φ ∼ x−1/2. (100)
These onsiderations yield for the power per unit length
dP
dz
∼ Gµ2ǫ2aǫ2b(n0κa + κb)J2n0 (n0w0)∆n∆φ
∼ Gµ2ǫ2aǫ2b(n0κa + κb)J2n0 (n0w0) (101)
Expressing this equation instead using (76), with inverse hyperboli funtions
written out expliitly, and ignoring fators of O(1) yields
dP
dz
∼ Gµ2ǫ2bκa

 w0e
√
1−w2
0
1 +
√
1− w20


2n0
(102)
whih an be written more intelligibly as
dP
dz
∼ Gµ2ǫ2bκae−αx (103)
where α ≈ 0.07867 an be alulated from w0 and n0.
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